UNIQUENESS OF FREE BOUNDARY MINIMAL ANNULI

DAVIDE PARISE AND JONATHAN J. ZHU

ABSTRACT. We prove that every smooth properly embedded free-boundary minimal annu-
lus in the unit ball is congruent to the critical catenoid. We also classify positive solutions
of (Agz + 2)u = 0 on smooth spherical annuli with w =0 and |[Vu| =1 on the boundary;
their one-homogeneous extensions are the axially symmetric Alt-Caffarelli cones. Lastly,
we also treat the case of free-boundary minimal annuli in spherical caps.

1. INTRODUCTION

Fraser and Li conjectured that the critical catenoid is the only properly embedded free-
boundary minimal annulus in the Euclidean unit ball [FL14]. In this article, we confirm
this conjecture.

Theorem 1.1. Let ¥ C B3 be a smooth properly embedded free-boundary minimal annulus.
There is an orthogonal transformation O € O(3) such that OX = Ceyit.

The critical catenoid conjecture is often regarded as the free-boundary analogue of the
Lawson conjecture (uniqueness of the Clifford torus in S3), which was proven by Brendle
[Brel3] using a two-point maximum principle. Previously, Fraser and Schoen proved the
corresponding classification under the assumption that the coordinate functions belong to the
first nonzero Steklov eigenspace [FS16]. In our approach we prove that every embedded free-
boundary minimal annulus has this spectral property and that its eigenvalue-1 eigenspace
consists precisely of the coordinate functions.

We also classify solutions of the overdetermined problem (Agz2 4+ 2)u = 0 with v = 0 and
|Vu| = 1 on the boundary of a spherical annulus. In particular, we show that such solutions
on an annular domain must be axially symmetric; see Theorem 1.6. The relationship between
this overdetermined problem and free-boundary (branched) minimal surfaces, via the dual
surface map X = Vu + up, is classical; see [EM26, HKM25]. For domains with the topology
of an annulus, we are able to exclude branch points and prove global embeddedness of this
dual surface, and then apply the catenoid classification. The annular hypothesis is essential:
nonrotational homogeneous one-phase solutions with higher-connectivity spherical links
were constructed in [HKM25].

The key geometric input for our classification of the critical catenoid is the radial-graph
and boundary-convexity theorem of Kusner and McGrath [KM24], which follows from the
two-piece property of Lima and Menezes [LM21]; see also McGrath and Zou [MZ24]. We use
it to choose an axis about which the angular projection has no critical points and winds once
around each boundary component. A globally defined stream function then identifies the
annulus with a cylinder. In these coordinates, differentiation relates the transformed Steklov
operator with Neumann boundary conditions to a Dirichlet operator admitting a positive
nullfunction. Other early progress was made by, for instance, [McG18, Seo24, Seo26].
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1.1. The critical catenoid and first Steklov eigenfunctions. Let B? = {z ¢ R?: |z| <
1} and S? = 9B3. Throughout, a free-boundary minimal annulus is a smooth compact
connected surface ¥ homeomorphic to [0,1] x S!, together with a smooth immersion

X:¥ — B3, X(¥°) c B?, X(0%) C §?,

which is minimal and meets S? orthogonally. The metric g on ¥ is induced by X. We write
7 for the outward unit conormal and use the sign convention A = div V. For an embedding,
we identify ¥ with its image.

Let T > 0 be the unique solution of

1
T hT =1 = —. 1.1
tan ’ = TceoshT (1.1)
The critical catenoid is
Corit = {c(coshscosa,coshssina,s): =T <s<T, «acR/2rZ}. (1.2)

In [FL14], Fraser-Li made the following conjecture:

Conjecture 1.2 (Critical catenoid conjecture). Ewvery smooth properly embedded free-
boundary minimal annulus in B3 is congruent to Cerit.

To prove Theorem 1.1 and confirm the above conjecture, we will prove the following
spectral result.

Theorem 1.3. Under the hypotheses of Theorem 1.1,
01(X) = 02(2) = 03(2) =1 < 04(%), &1 = span{ Xy, X2, X3}. (1.3)

Note that we have indexed the Steklov eigenvalues with multiplicity as 0 = g9 < 01 <
o9 < ---. To deduce Theorem 1.1 from Theorem 1.3 we use the following characterization
by Fraser and Schoen:

Theorem 1.4 (Fraser—Schoen, [FS16], Theorem 1.2). A free-boundary minimal annulus in
the unit ball whose coordinate functions are first nonzero Steklov eigenfunctions is congruent
to the critical catenoid.

1.2. The spherical Bernoulli problem. Let gy be the round metric of curvature one on
S? c R?, and let Ay = divg, Vo. A smooth spherical annulus is a connected open set {2 C S?
whose closure is a smooth compact annulus with two disjoint Jordan boundary curves. We

write v for its outward go-unit conormal and assume u € C*°(Q).
Consider the overdetermined problem

(Ag+2)u=0 in Q,
u>0 in €, (1.4)
u=0, |[Vou| =1 on 0Q.

The gradient normalisation is the same on both boundary components. Since u vanishes on
the boundary and is positive in the interior,

Vou = —v, Oyu=—1 on 0. (1.5)
With 7" and ¢ as in equation (1.1), set

1
Sy 1= tanhT:T, c=84/1— 2. (1.6)

Conjecture 1.5 (Annular spherical Bernoulli classification). Every solution of equation (1.4)
on a smooth spherical annulus is rotationally symmetric.
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Theorem 1.6. Let Q C S? be a smooth spherical annulus, and let uw € C®(Q) satisfy
equation (1.4). There is a unit vector e € S? such that

Q={peS*:|p-e| <s.}, (1.7)

and, writing s =p - e,
u(p) = ¢(1 — s artanh s). (1.8)
Conversely, equations (1.7) and (1.8) solve equation (1.4).

1.3. Outline of the argument. Our method centres ond the observation that cylindrical
coordinates (h, R, ) in R? (around an appropriate axis) satisfy good differential equations
on a free-boundary minimal annulus 3J; certainly the height h is a Steklov eigenfunction
with eigenvalue 1. Moreover, after twisting these into suitable stream coordinates (5, «) on
the annulus, the 8 derivative of the known eigenfunction depends upon the support function
on X, which is known to be positive. This allows us to characterise solutions of the equation
satisfied by p-derivatives of eigenfunctions. In turn, implies that negative eigenfunctions
may only depend on the «, and the remaining circle operator has just one negative mode.

More concretely, in the stream coordinates (/3, ), multiplication by the cylindrical radius
R transforms the (modified) energy form into

Ox(Rv) = /C(R%[% +v2 —v?) dBda,

which has associated (Neumann) operator A. The quotient ¢t = h/R satisfies At = 0 with
Neumann data, and ¢g is proportional to the support function and hence positive. Defining
a Dirichlet operator B by 0gAv = B(vg), we see that tg is positive Dirichlet 0-eigenfunction
for B, so effectively bounds the eigenvalues of B from below via a comparison principle
argument. It follows that every negative Neumann eigenfunction of A is independent of 5.
The remaining circle operator is simply % + 1, which has eigenvalues n? — 1, n € Z. It
follows that ind Oy, = 1 and hence o1 = 1.

The geometric and spectral parts of the proof occupy sections 3 to 7; the Bernoulli dual
and classification are proved in section 8.

1.4. Spherical caps and the closed case. We conclude this introduction by comparing
our methods in the free-boundary setting to the analogous closed setting, that is, the Lawson
conjecture. In fact, in section 9 we describe how our methods may be used to obtain
rotational symmetry for embedded free-boundary minimal annuli in spherical caps. In
particular, when ¥ = 7 /2, theorem 9.2 gives that embedded free-boundary minimal annuli
in the hemisphere must be rotationally symmetric, and hence half of the Clifford torus.
That is, our method yields that any closed embedded minimal torus in S* with a reflection
symmetry must be the Clifford torus.

If one attempts to use stream coordinates on embedded minimal tori ¥ in S3, the formal
arguments appear to be promising. However, the main obstacle seems to be finding a
rotational ‘axis’ (in this setting, a great circle) which is avoided by ¥. On the other hand,
from the authors’ own investigations and conversations with other experts, the naive attempt
to use Brendle’s proof [Brel3] of the Lawson conjecture appears to fail in the free-boundary
setting (except for the hemisphere). The issue is that the ‘ball curvature’ does not seem to
satisfy a sufficiently helpful inequality at the boundary.

Remark 1.7. While preparing this manuscript, we were made aware of the work of Chodosh
and Gianocca [CG26], who have proven that embedded free-boundary minimal surfaces
in B3 of genus zero (in particular, annuli) are embedded by first Steklov eigenfunctions.
Their method uses a very clever representation of the index form by a radial factor and a
nonnegative divergence free tensor field, while ours uses stream coordinates relative to an axis
and is so adapted to annuli. Our proofs are distinct and have been obtained simultaneously
and independently.
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2. PRELIMINARIES AND NOTATION

2.1. The modified energy form. For real-valued f,h € H'(X), set

05:(f, 1) :/Z(Vf,Vh>dA7/82fhds, (2.1)

and write Ox(f) = Ox(f, f). The boundary term is understood in the trace sense and is
continuous on H'(X) x H'(X) by the trace inequality. The index of Qx is the maximal
dimension of a subspace on which Oy, is negative definite. This is the index of the modified
energy form, not the Morse index of the area functional. The Steklov eigenvalue problem is

Af=0 in X°, Opf =0f on0x. (2.2)

Here 3° = ¥\ 9X. All Sobolev spaces and quadratic forms are real. Throughout, C* on
a compact manifold with boundary means smooth up to the boundary. We use dA and
ds for the Riemannian area and arclength measures with respect to the induced metric g.
When an orientation is fixed, we also use dA, to denote the associated area two-form; the
Hodge star is specified by ¢ A %0 = ((, ), dA,.

We summarise some basic properties of free-boundary minimal immersions in the following
lemma.

Lemma 2.1. For a free-boundary minimal immersion,
AX =0, X =X, AlX? = 4. (2.3)
In particular, | X| <1 in X° and
Xds=0. (2.4)

ox
In particular, every nonzero coordinate function is a Steklov eigenfunction of eigenvalue 1.

Proof. The identities (2.3) are standard calculations for free-boundary minimal immersions.
The inequality |X| < 1 on the interior then follows from the maximum principle on | X |?,
and (2.4) follows by integrating AX by parts. g

Lemma 2.2 (Index criterion). If a free-boundary minimal annulus satisfies ind Qy, = 1,
then 01(3) = 1.

Proof. At least one coordinate function is nonconstant, so o1 < 1 by lemma 2.1. Suppose
0 < o1 <1, and let f # 0 be a corresponding Steklov eigenfunction so that Af = 0,
Onf = o1f|ox. Integrating by parts gives

O:/ anfds:al/ fds.
[2)> [2)>

Consequently,
Os(f) = (o1 — 1) /aZ f2ds<0,  Os(1)=—0% <0,  Os(L,f)=0.

Note that the trace f|gs is nonzero, as otherwise harmonicity would give f = 0. Thus Oy,
is negative definite on span{l, f}, contradicting the index assumption. O
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3. FINDING THE FLUX AXIS AND THE ANGULAR COORDINATE

In this section, we define the angular component of our stream coordinates by finding a
suitable axis and restricting the corresponding cylindrical coordinates. We will crucially
use certain radial graph properties which are known for embedded free-boundary minimal
surfaces of genus zero. The fact that there are precisely 2 boundary components will be
essential in choosing the axis via the balancing condition (2.4). We summarise the radial
graph properties for annuli as follows:

Proposition 3.1 (Radial graph and boundary convexity). Let ¥ C B3 be as in theorem 1.1.
Then 0 ¢ X, and the radial projection

T:% =S m(z) =

is a homeomorphism onto the closure of a spherical annulus Qx, and a diffeomorphism from
>° onto Qx. Writing 0¥ = I'y LU _, there are disjoint closed geodesically convex discs
D,,D_ C S?, each contained in an open hemisphere, such that

0Dy =Ty, Qx =S*\ (DL UD_). (3.1)

The radial-graph and convexity conclusions are [KM24, Corollary 4.2]; see also [MZ24,
Lemma 2.1 and its proof] for the global homeomorphism and the complementary convex
discs. The spherical convexity facts, including containment in an open hemisphere, are
recorded in [Se026, Section 3 and Lemma 4.2 of the arXiv version|. Note that the radial
graph property is, at least locally, equivalent to the following positivity of the support
function.

Lemma 3.2. There is a smooth unit normal N on ¥ such that the support function
E=X-N>0 inX° £E=0 on0X. (3.2)

One may also prove the above lemma directly using, for instance, the two-piece property
as in [NZ25, Proposition 3.12].

Let e € S? and consider the axis Re. Then we have cylindrical coordinates on R? defined
by

h=X-e, R =|X — he|, X = Re, () + he, (3.3)
where
er(0) :=cosfe; +sinfey
and (e1, e2,e) is a fixed oriented orthonormal basis.

We may consider the angular projection map R? — S(et), where S(et) is the unit circle
in the 2-plane et, given explicitly (for z ¢ Re) by
x—(e-x)e
|z[* = (e - x)?

First, we establish that o will give a suitable angular coordinate on the boundary, which
essentially relies upon convexity of the boundary.

Po(z) = € S(et), (3.4)

Lemma 3.3. Let D C S? be a closed geodesically convex disc contained in an open hemi-
sphere, with smooth Jordan boundary I'. Then

F
F::/xds;éO, ep = — €IntD.
r |F|
For every e € Int D, angular projection about the axis Re restricts to a diffeomorphism
' - R/27Z.
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Proof. Choose p € S? such that p-x > 0 on D. Compactness and geodesic convexity imply
that

K:={rz:r>0, x € D}

is a closed convex cone. Indeed, the direction of a positive linear combination of two points
of D lies on their shorter great-circle segment. Polar coordinates also give

Intgs K = {rz:r >0, x € Intg: D}.

Since p- F' = [ p-xds > 0, we have F' # 0. Positive Riemann sums and closedness give
F e K. If F e 0K, the supporting-hyperplane theorem yields a nonzero linear functional ¢
with
(>0 onK, U(F)=0.

The supporting hyperplane passes through the origin because K is a cone: applying the
supporting inequality at 0 and 2F forces ¢(F) = 0. Since I' is a Jordan curve contained
in an open hemisphere, it cannot be contained in a great circle. Thus £ is positive on a
nonempty open arc of I', and

0= ((F) = /FZ(Q;) ds > 0,

which is a contradiction. Hence F' € Int K, and so ep € Int D.

Now fix e € Int D. Recall that a geodesically convex disc is star-shaped (about any
interior point e). For v € S(et), consider the oriented meridian ~y,(t) = cost e + sint v for
0 <t < 7. Convexity, e € Int D, and —e ¢ D imply 7, *(D) = [0, 7,] for some 0 < 7, < 7,
with 7,([0,7,)) C Int D. Thus each such meridian meets I" exactly once, and P,|r is bijective.

It remains to check transversality. Let vp be the inward unit conormal to I' in S?. At
x € I', the angular projection is given by

x—(e-x)e

Moreover, the tangent plane to K at x is a supporting plane, so that vp(z) -y > 0 for
y € K. Since e € Int K, this inequality is strict at e: otherwise a small perturbation of e in
the direction —vp(x) would contradict the supporting inequality. Orient the unit tangent 7'
on T so that # x T = vp(x), and identify S(et) with R/27Z using the orientation induced
by e. Differentiating the formula for P.(x), the corresponding angular differential satisfies

Pe(z) =

_(exx)-T  e-vp(w)

Cl—(e-x)2 1—(e-x)?
The differential of Pe|r is therefore nonzero at every point. The inverse function theorem
and the preceding bijectivity then imply that P.|p : T' — S(et) is a diffeomorphism. O

do (T') > 0.

We now use the balancing condition (2.4) to define an axis that avoids X, and restrict the
cylindrical coordinates (3.3) to the surface. By slight abuse of notation we will continue to
denote these by h, R, . In particular, a will form a good angular coordinate on the surface,
with nonvanishing differential (including on the boundary).

Proposition 3.4 (An angular submersion of period 27). Let ¥ be as in theorem 1.1. There
is a unit vector e € S such that X (X) NRe = @.
Moreover, fixing an oriented orthonormal basis (e1,es,€), the cylindrical coordinates

h=X-e, R =|X — he|, X = Rey(a@) + he,

define smooth real-valued functions h, R on ¥ and a smooth circle-valued map o : ¥ — R /277
such that

R>0 onkZ, da#0 onX. (3.5)
Finally, each restriction a|p, : T+ — R/27Z is a diffeomorphism.
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Proof. Let
Fo:= | Xds.
'y

By the balancing equation (2.4), F_ = —F;. Applying lemma 3.3 to the geodesically convex
discs D4y gives

F, 3

Fy #0, e:=——¢€Int Dy, —e=—=€IntD_.
| Fy | [F_|

The radial projection is defined on the whole annulus and, by (3.1), its image contains
neither e nor —e. Therefore X (X) NRe = @, and R > 0 everywhere, including on the
boundary.
Now write z; = X - e; for j = 1,2, so that R? = 2% + 23. Since R > 0, the formula
i T1+ixe
R

defines a smooth circle-valued map on . Locally one may choose a smooth real-valued lift
of a and write 1 = Rcosa and z2 = Rsin «. Differentiating these identities gives

1 d.%’g ] d.%'l

R? '
Any two local lifts differ by a locally constant integer multiple of 27, so their differentials
agree. Consequently, equation (3.6) defines a global smooth one-form (without requiring
a globally real-valued angle). Along X, set g = e X e,(a) = —sinae; + cosaes. The
decomposition X = Re,(«a) + he implies that X - eg = 0. Moreover, equation (3.6) gives, for
ge¥andve T,

do = (3.6)

(eg(q), dXq(v))
R(q) '

Suppose that doy = 0 at some ¢ € X°. Then ey(q) is perpendicular to dX,(7,X). Since this
tangent plane has codimension one and ey(q) is a unit vector, the normal from lemma 3.2
satisfies N(q) = £ep(q), and so

X(q) - N(q) = £X(q) - eo(q) = 0.
Since we had X - N > 0 in the interior, we conclude that da # 0 on X°.
For x € 0% C §?\ {e, —e}, the angular projection (3.4) is precisely
Pe(X) = P—e(X) = 67’(0‘)'

Since e € Int D, lemma 3.3 shows that P|r_ is a diffeomorphism onto S (et). Applying
the same lemma to D_ with pole —e gives the corresponding conclusion for I'_.

Identifying S(et) with R/27Z via 6 — e,(8), we conclude that both a|r, : Ty — R/27Z
are diffeomorphisms. In particular,

dag(T) # 0 for every ¢ € 0¥ and 0 # T € T,0%.

This establishes the boundary nonvanishing in (3.5). Notice that it is the tangential
component that is nonzero: the free-boundary condition dX (n) = X gives

d ( ): <697d;;(77)> — <€9-5RX>

dog(v) =

=0.

Note that the boundary diffeomorphisms above imply

/ do
Iy

Since either boundary component generates Hp(X;Z), the angular map has winding number
+1 on a generator of the annulus.

= 2m.
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4. GLOBAL STREAM COORDINATES

In this section, we will complete our global stream coordinates by finding a coordinate
conjugate to the angular coordinate . In what follows, we fix the axis Re from proposition 3.4
and an orthonormal frame (ej, e, €3 := €), so that the ambient coordinates X; = R cos «,
X5 = Rsina, and X3 = h. Also set

G :=|Val* > 0. (4.1)
Here the one-form da is given by equation (3.6), and Va denotes its metric-dual vector field.
(A real-valued angle is only used locally.)

First, we verify the fundamental equations satisfied by the cylindrical coordinates R, .
Intuitively, one should expect a (weighted) harmonicity for the angular coordinate «, since
rotation generates a Killing field on R? and ¥ is minimal. Similarly, the distance R to
the axis should inherit good equations from the defining equations for X; using its strict
positivity on X will later give a helpful reparametrisation of the quadratic form Qs.

Lemma 4.1. In X, we have

AR = RG, div(R?*Va) = 0, (4.2)
while on 033,

oyR = R, Opa = 0. (4.3)
Proof. On each sufficiently small neighbourhood, choose a smooth real-valued lift of the
angular map. Since the coordinate functions are harmonic,
0= e "““A(Re™)
= AR — R|Val]* +i(2(VR,Va) + RA«).
The real part gives AR = RG. Multiplying the imaginary part by R gives div(R*Va) = 0.
These identities agree on overlaps because any two local lifts differ by a constant multiple of
2m. Similarly, ‘ '
e "“Op(Re") = OpR+ iROya = R

gives both boundary identities. O

Note that the coordinate function h = X -e is already known to satisfy Ah = 0, d,h = h|ss.
We orient ¥ by the unit normal N chosen in lemma 3.2, and use the corresponding Hodge
star.

Proposition 4.2 (Global stream cylinder). Let 3 be as in theorem 1.1. There are a smooth
real-valued function § on X and numbers b— < by, such that

df = R? * da, (4.4)
and
(Bya): X — C:=[b_,by] x (R/277Z) (4.5)
is a diffeomorphism of compact manifolds with boundary. Here x is the Hodge star for a
choice of orientation of (X, g).

Proof. Set w := R? x da. By equation (4.2),

dw = div(R*Va)dA, = 0.
Along each boundary component, choose the unit tangent 7' so that (n,T') is positively
oriented, where 7 is the outward unit conormal. Then

*77b = Tb7 *Tb = —Ub,
and consequently

w(T) = R?*(xda)(T) = R*da(n) =0

by equation (4.3). Thus, for the inclusion ¢ : 0¥ < ¥, we have t*w = 0.
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Since ¥ is an annulus, either boundary component generates Hq(3;7Z). Since w is closed
and its integral around a boundary generator vanishes, w has zero period on every closed
curve. Therefore w is exact, and is induced by a smooth function § as in equation (4.4).

(Concretely, fixing go € 3, we may define the primitive

Blg) = /w

where the integral is independent of the chosen path. This gives a smooth real-valued
function, up to an additive constant, satisfying equation (4.4). Smoothness up to the
boundary follows from the local primitive construction in boundary coordinate half-discs.)
Since dB(T) = w(T) = 0, the function § is constant on each boundary component.
Moreover, the Hodge star is an isometry on one-forms and rotates them orthogonally, so

(VB,Va) =0, VB> = R*Y|Val> = R'G >0 onX. (4.6)

In particular, 8 is nonconstant and has no interior critical points. Compactness therefore
gives distinct minimum and maximum values, both attained on the boundary. As § is
constant on each of the two boundary components, these constants are precisely its minimum
b_ and maximum by. Thus, b_ < § < by in 3X°. Write

[ :={B=0_}, i i={B=0by}
for the two boundary components, labelled by their S-values.
Consider the smooth vector field
_ Vb
VB
By equation (4.6), d3(V) =1 and da(V) = 0. On the boundary, V3 is conormal because /3
is constant along each component. Extremality of the boundary values for § then implies
Oy <0 onl, Opf >0 onI'y.

That is, V points into X along I'j, and out of 3 along I'y;.
Extend V' smoothly to a neighbourhood of ¥ in its double and denote its flow by ©4. For
q € I'p, as long as the trajectory remains in %,

BOs(q)) =b-+s,  a(Bs(q)) = a(g).

Compactness and smooth continuation of the flow imply that this trajectory exists for
0 < s <by —b_ and remains in X throughout that interval: it enters the interior initially
and cannot meet either boundary at a time 0 < s < by —b_. At time by — b_ it reaches I'y;.

Conversely, flowing backwards from any x € ¥ reaches I'}, after time 5(z)—b_. Uniqueness
of integral curves therefore shows that

L [b—ab-‘r] X Iy — X, lI’(SaQ) = O p_ (Q),
is bijective. Both ¥ and its inverse

V(@) = (B(2), ©p_—pw)(@))
are smooth up to the boundary, by smooth dependence of the flow on time and initial data.
Finally, « is constant along the flow trajectories, and a|r, is a diffeomorphism onto R/277Z
by proposition 3.4. Consequently, (3, «) o ¥(s,q) = (s,a(q)), which proves equation (4.5).
Replacing 5 by —f reverses € and replaces the interval [b_, b, ] by [—by, —b_]. O

Lemma 4.3 (Metric and boundary measures). In the coordinates of proposition 4.2,

1 1 1
——df% + = do?, dA =
RYG P G R2G
The area formula in equation (4.7) is an identity of positive measures, independent of the
orientation of the coordinates. At the two cylinder boundaries,

Ny, = £R°VG s, ds =G dal. (4.8)

g= dp da. (4.7)
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In particular, R and G are smooth and bounded above and below by positive constants on C.

Proof. As in equation (4.6), the inverse metric satisfies ¢°% = |VB|? = RYG, ¢** = G, and
g% = (VB,Va) = 0. Inverting gives the metric, and taking its determinant gives the
area measure. Normalising 03 gives the conormal; restricting the metric to the boundary
gives its arclength measure. The final assertion follows from smoothness, positivity, and
compactness. O

Remark 4.4. Radial projection is singular along the free boundary, because X =n € TY
there. The stream coordinates are instead regular: equation (4.6) holds up to the boundary.
No boundary regularity of the inverse radial parametrisation is used below.

5. A MONOTONE KERNEL FUNCTION

In this section, we rewrite the modified energy form Oy in our stream coordinates (f3, «).
Concretely, we will work on the cylinder C' = [b_,b;] x (R/277Z), equipped with the flat

product metric gga. = dB? + do?. Later, we will consider the corresponding Sobolev space
H(C), with norm

2 2 2 2
U = ul® + lugl® + |ug dg da.
[l e /CO "+ Jugl” + | ’) B

Equivalently, H!(C) consists of H' functions on the cut rectangle [b_,b.] x [0, 27] whose
boundary traces agree at « = 0 and a = 27 (no boundary condition is imposed at 5 = by).
Recall that C*°(C) (understood as smooth up to the boundary) is dense in H'(C).

By a slight abuse of notation, we will identify functions on C with their pullbacks via the
coordinate diffeomorphism ® = (5, a) : ¥ — C.

Proposition 5.1. For all u,v € H'(C),
Oy (Ru, Rv) = / (R4ugv5 + Uq Vo — uv) dg da. (5.1)
C

Proof. First take u,v smooth. The product identity
(V(Ru), V(Rv)) = R*(Vu, Vv) 4+ (VR, V(Ruv))

gives, after integration by parts,

Os(Ru, Rv) — / R*(Vu, Vo) dA — / RuvARdA
by b

+ Ruv 0,Rds — R?uvds
o% %

_ /Z R? ((Vu, Vo) — Guw) dA.

Here we used equations (4.2) and (4.3). Substitution of the metric in equation (4.7) gives
equation (5.1) for smooth functions.
The identity extends to H!(C) by density and continuity, noting that R and 1/R are
smooth functions on the compact cylinder C.
O

Set
a=R">0, qo(u,v) = / (augvg + uqve — uv) df dea, (5.2)
C

so that g, is the modified energy form in stream coordinates on the right-hand side of
equation (5.1).

We will consider the self-adjoint operator associated with this form in L?(C, dB da). Thus
u € D(A) and Au = F mean that u € H'(C), F € L*(C), and

qa(u,v) = / Fvdfda  forallv e HY(C).
C
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Integration by parts gives the differential expression

Au = —03(a dgu) — Onatt — u, (5.3)
with periodic conditions in o and Neumann conditions at b4. Its domain is
D(A) ={uec H*C):ug=0o0n 3 =by}. (5.4)

Indeed, the boundary term is faugv; unrestricted boundary traces of v give aug = 0, equiv-
alently ug = 0. Smooth elliptic Neumann regularity gives the H 2 domain in equation (5.4),
with the boundary conditions understood in the trace sense. Since a has a positive lower
bound, qq 4 2[| - [|3, is coercive on H'(C). Compactness of H'(C') < L?(C) gives compact
resolvent, and elliptic regularity makes all eigenfunctions smooth up to the boundary.

The operator A essentially corresponds to the Robin Laplacian in stream coordinates
(and with the reweighting by R). Explicitly, we have:

Lemma 5.2. For a smooth function u on C, we have

A(Ru) = —RG Au. (5.5)
In particular,
A(Ru)=0 <+<—= Au=0. (5.6)
On the boundary,
Op(Ru) =0Ru <= 0Opu= (0 —1)u. (5.7)

In particular, the Steklov condition of eigenvalue 1 is equivalent to ug = 0 on 0C.
Proof. Using AR = RG,
RA(Ru) = div(R?Vu) + R*Gu.
All gradients and divergences here use the induced metric, whereas subscripts denote
coordinate derivatives. With J = \/det g = (R2G) ™!, its divergence formula gives

div(R*Vu) = T [95(JR2g" ug) + 0 (TR ua)| = R*G (95(R"up) + taa) -

Substituting the above implies equation (5.5).
The boundary equivalence (5.7) follows from 0, (Ru) = Ru+ ROyu. Finally, equation (4.8)
identifies homogeneous Neumann data with ug = 0 at the two ends. U

As the height h was a 0-Robin eigenfunction for Qy, by the transformations above one
should expect t = h/R to give a 0-eigenfunction for q,. Crucially, we observe that the
derivative tg in stream coordinates is proportional to the support function { = X - N and
hence does not change sign:

Proposition 5.3. The smooth function

h
t=— 5.8
. (53)
satisfies
At=0 inC, tg=0 on dC, tg >0 in C°. (5.9)
More precisely,
£
tg = . 1

Proof. Recall that the coordinate function h = X - e satisfies Ah = 0 and 0,h = h. Applying
lemma 5.2 to h = Rt gives the interior equation and the boundary condition in equation (5.9).
Recall that X = Re, + he in the cylindrical parametrisation equation (3.3), and that
eg = e X €, = Oqer. It follows that the derivatives are
Xp = Rge, + hge, X, = Ruoer + Reg + hoe.
In the positively oriented orthonormal frame (e,, ey, €),
X - (Xg x Xo) = R(hRg — Rhg) = —R3t4. (5.11)
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Since the orientation of ¥ is induced by the normal N from lemma 3.2, we obtain df8 A da =
R? xda A dao = —R?G dAg. Thus, the coordinate frame (0g,0,) is negatively oriented
relative to N, and hence Xg x X, = —+/det g N. Taking the scalar product with X and
using equations (4.7) and (5.11), we obtain

_R3t,3: —/det g€ = &

R2G’
Therefore,
o= S
T RNGY
which proves equation (5.10). Since R,G > 0 on the closed cylinder, this expression is
smooth up to the boundary. The positivity of £ in the interior and its vanishing on the
boundary give the remaining assertions in equation (5.9). O

6. A MONOTONE-KERNEL SPECTRAL THEOREM ON A CYLINDER

In this section, we will characterise the index and kernel of operators A that admit a
monotone element of their kernel, as in proposition 5.3. In fact, we will formulate this as
a somewhat general principle for operators on the cylinder C' = [b_,b;] x (R/27Z), which
take to be equipped with the flat metric. In this section, we will fix a to be an arbitrary
smooth positive function on C (that may depend on both coordinates). The main result of
this section is Theorem 6.3.

Motivated by equation (5.3), we define the operator A to be the Neumann realisation of

Au = —03(adgu) — Opau — u.
Define the Dirichlet operator

Bw = —0gg(aw) — waq — w, w|,, = 0. (6.1)
Note that its nondivergence form is
Bw = —awgg — Waq — 2agwg — (agg + 1)w. (6.2)

This operator is uniformly elliptic, but need not be self-adjoint on L?(C). We write n = +05
for the outward unit normal on C'. We use the strong maximum principle and Hopf’s
boundary point lemma in their local smooth-boundary forms [GT01, Chapter 3].

The operator B is essentially defined to be the operator which governs derivatives of the
kernel of A. Explicitly:

Lemma 6.1. For every smooth u,
05(Au) = B(ug). (6.3)
If u satisfies Neumann conditions at b+, then ug satisfies Dirichlet conditions there.

Proof. Commuting the coordinate derivatives gives
9p(Au) = —0pp(aug) — Oaa(up) — ug = B(ug).

All derivatives of a are retained inside dgg(aug). The boundary assertion is exactly ug|lspc =
0. O

We proceed by characterising the kernel of B when it admits a positive element. The
proof follows a comparison principle against the positive solution:

Lemma 6.2. Suppose ¢ € C*(C) satisfies
Bg =0, qg>01inC°, =0 on 0C. (6.4)
Then the following statements hold.

(1) The outward flat-cylinder normal derivative satisfies Op,q < 0 at every boundary
point.
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(2) There is no nonzero smooth real solution of Bw = \w, w|gc = 0, with A < 0.
(3) The real Dirichlet kernel is ker B = span{q}.

Proof. Choose My > 0 such that My > supgs(ags + 1). Then B + My has nonnegative
zeroth-order coefficient, and

(B + My)q = Moq > 0.

Apply Hopf’s lemma to —(B + M), whose leading part is positive and whose zeroth-order
coefficient is nonpositive. Since ¢ > 0 in the interior and vanishes on the boundary, it gives
Onq < 0.

In a boundary collar, take p = 8 — b_ at the lower end or p = b, — 3 at the upper end.
Thus 8, = —0,. The fundamental theorem of calculus gives

1
q(p, ) = pq1(p, @), q(p,a) = /0 (0pq)(sp, @) ds.

After restricting to a smaller closed collar, ¢; is smooth and ¢1(0,a) = —9,¢(0, ) > 0; it is
also positive for p > 0 because ¢ > 0. The same construction gives w = pw; for any smooth
Dirichlet function w. It follows that w/q = w1/q1 extends smoothly to the boundary, and
hence to all of C', with boundary value

w‘ _ Ohw
q 1sC anq'

Suppose next that Bw = Aw with A < 0 and w # 0. Replacing w by —w if necessary, we
can arrange w to be positive somewhere in the interior. Set

(6.5)

w
m = max — > 0, z=mq—w > 0.
¢ q

The maximum exists by equation (6.5), and
(B=Xz=—-Amg>0 inC°. (6.6)

An interior maximiser p of w/q would satisfy z(p) = 0, Dz(p) = 0, and D?z(p) > 0.
Evaluating equation (6.2), the first- and zeroth-order terms vanish:

((B—=X)z)(p) = —a(p)zps(p) — Zaa(p) < 0.

This contradicts equation (6.6). The same observation excludes every interior zero of z,
so z > 0 in C°. The maximum of w/q is therefore attained at a boundary point p. By
equation (6.5),

z(p) =0, Onz(p) = monq(p) — Opw(p) = 0. (6.7)

Choose M > 0 with M > supg(agg + 1 + A). The operator B — A + M has nonnegative
zeroth-order coefficient, and

(B=A+M)z=—-Amg+ Mz>0 inC°.

Since z > 0 in the interior and z(p) = 0, Hopf’s lemma gives 9,z(p) < 0, contradicting
equation (6.7). This proves the second assertion.

Finally, let Bw = 0 with Dirichlet boundary data and set m = max¢c(w/q), z = mg—w > 0.
Then Bz = 0 and (B + My)z = Myz > 0. If z # 0, the strong maximum principle gives
z > 0 in the interior, while the boundary point lemma gives 0,z < 0 at all boundary points.
An interior maximiser of w/q would give an interior zero of z. A boundary maximiser would
give O,z = 0 by equation (6.5). Both are impossible. Thus z = 0 and w = mq. ]

We can now characterise the nonpositive eigenspaces of A when it admits a monotone
kernel element:
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Theorem 6.3. Let a € C°(C) be strictly positive. Suppose there is a smooth function t
satisfying
At =0, tg =0 on OC, tg >0 in C°. (6.8)
Then the operator A has exactly one negative eigenvalue, namely —1, with eigenspace
consisting of the constants. Moreover,
ker A = span{t, cos a, sin a}. (6.9)
Consequently, indq, = 1 and dimker A = 3.

Proof. Set ¢ = tg. By lemma 6.1, the function ¢ satisfies equation (6.4), so lemma 6.2
will apply. First let u be a (real) Neumann eigenfunction of A with eigenvalue A < 0.
Eigenfunctions are smooth, and differentiating and recalling lemma 6.1 gives
B(U5) = )\Uﬁ, Uﬂ|8C = 0.
By lemma 6.2, ug = 0. Thus u = u(a) and
—Uga — U = AU.

The eigenvalues of this operator on R/27Z are n? — 1, n € Z. Its only negative eigenvalue
is —1, with constant eigenfunctions. Conversely, A1 = —1, so that eigenvalue occurs.
Self-adjointness and compact resolvent then imply ind q, = 1.

Now suppose u € ker A. Then B(ug) = 0 (with Dirichlet data), and the last part of
lemma 6.2 gives ug = cotg for a constant cg. Therefore

u = cot + v(a), - —v =0,

which proves equation (6.9). These three kernel functions are linearly independent: dif-
ferentiating a linear relation in § first makes the coefficient of ¢ zero, and cos «, sin « are
independent. O

Corollary 6.4 (Sharp Poincaré inequality on the cylinder). Let a and t satisfy the hypotheses
of theorem 6.3 on C = [b_,by] x (R/27Z). Then every real-valued u € H'(C) with zero
mean with respect to the flat product measure, i.e. [oudfda =0, satisfies

/CUQ dfda < /C <a|u5|2 + |ua|2) dg da. (6.10)

No boundary condition on w is required at B = by. FEquality holds precisely for u €
span{t, cos a,sina}. In particular, the constant 1 in equation (6.10) is optimal.

Proof. Let V = {u € H(C) : [udBda = 0}. For u € V,
qa(1,u) =0, q.(1,1) = —|C| <0, |C| =2m(by —b_).
If q4(u,u) < 0, the form would be negative definite on span{l,u}, contrary to its index

being one. Thus qq(u,u) > 0 on V, which proves equation (6.10).
Suppose u € V attains equality. For every v € V and s € R,

0 < qo(u + sv,u + sv) = 25q4(u, v) + 52qa(v,v).

Taking both signs of small s gives qq(u,v) = 0. Also qq(u,1) = 0. Decomposing any H'
function into its mean and a member of V, we obtain q,(u,v) = 0 for every v € H*(C). By
the definition of the associated operator, u € D(A) and Au = 0. The kernel is given by
equation (6.9).

Conversely, the kernel functions all have zero mean. For ¢, integration using its Neumann
data and angular periodicity gives

O:/CAtdﬁda:—/O%[atg}Z* da—/bm[ta]%”dﬁ—/ctdﬁda

= —/Ctdﬁda.
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The same conclusion for cosa and sin « is immediate. Every kernel function therefore
attains equality. Taking u = cosa #Z 0 also proves optimality of the constant. O

7. THE FIRST STEKLOV EIGENSPACE AND UNIQUENESS

In this brief section we deduce the main Theorem 1.1 using the stream coordinates and
index characterisation above.

Proof of theorem 1.3. Choose the flux axis and angular coordinate as in proposition 3.4,
and apply proposition 4.2 to construct the global cylinder. For a = R*, Proposition 5.3
ensures that every hypothesis of Theorem 6.3 is satisfied. Consequently,

indq, = 1.

Multiplication by R and the coordinate diffeomorphism ® = (8,a) : ¥ — C give an
isomorphism H'(C) = H'(X). By proposition 5.1, this isomorphism preserves the quadratic
forms and therefore their indices:

ind Qx; = indq, = 1.

Lemma 2.2 now gives o1 = 1.
To identify the eigenspace, let f € £ and write f = Ru. By lemma 5.2,

Au = O, umac = 0.
Thus equation (6.9) yields

u:coﬁ—l—clcosa#—@sina, f=coh+ c1Rcosa+ coRsina.

These are precisely linear combinations of the three ambient coordinate functions in our
orthonormal basis {e1, e2,e}. Conversely, all three belong to & by lemma 2.1. Their linear
independence follows from equation (6.9) and R > 0. Hence dim&; = 3, which gives
01 =09 =03=1<o0y4. O

Proof of theorem 1.1. By theorem 1.3, ¥ is a smooth free-boundary minimal annulus in the
unit ball, which is embedded by first (nonzero) Steklov eigenfunctions. The hypotheses of
Theorem 1.4 are therefore satisfied, and it follows that X is congruent to Ceyit. O]

8. CLASSIFICATION OF SPHERICAL BERNOULLI SOLUTIONS

Let (£2,u) satisfy the hypotheses of theorem 1.6. That is, 2 C S? is a smooth annular
domain and

(Ao +2)u =0, u>0 inQ, u=0, [Vou| =1 on 09.

Here gg is the round metric, V? its Levi-Civita connection, and Vg, A the corresponding
gradient and Laplacian. We denote by v the outward gg-unit conormal of 0€). Positivity of
u and the boundary point lemma give

oyu = —1, Vou=—v on Jf.

In this section, we exploit the well-known correspondence between solutions u as above and
branched minimal immersions X. In the case of annular domains, we will show that X is
in fact an embedded free-boundary minimal annulus, allowing us to use our classification
theorem 1.1. The (induced) metric and outward unit conormal on ¥ are denoted by ¢ and
7, respectively; throughout this construction gg and v refer to the spherical domain. We
remark that the correspondence above may be regarded as the limiting case (with cap radius
tending to 0) of the duality between free-boundary minimal surfaces in spherical caps and
capillary minimal surfaces in the hemisphere, described in [NZ25].
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8.1. Preliminaries on spherical Bernoulli solutions. In this subsection, we collect
some preliminary results on the overdetermined problem in the sphere. These results are
known to experts (see for instance [EM26] and references therein), but we include some
proofs for the sake of readability.
Lemma 8.1 (Homogeneous extension). Define

Co:={rp:r>0, peQ}, U(rp) := ru(p).
Then )

ArsU(rp) = ;(Aou + 2u)(p), VgsU(rp) = u(p)p + Vou(p). (8.1)
Consequently, equation (1.4) is equivalent, under this one-homogeneous extension, to
U >0, ARSUZO in Cq,

U=0, |VUl=1 ondCq\ {0},

where the boundary gradient is taken from within Cq.

(8.2)

Proof. For a smooth function V (r, p), the polar-coordinate formulas are
2 1 1
AgsV = Vip + ;‘/'r + ﬁAOV’ VeV =Vip+ ;VOV-

Applying them to V(r,p) = ru(p) proves equation (8.1). On the conical boundary, u = 0, so

|VU| = |Vou|. Conversely, a one-homogeneous function is determined by its restriction to
r = 1, and the same identities recover equation (1.4). O

Define
X (p) :== Vou(p) + u(p)p, B := V2u + ugo, S := Bfo, (8.3)

Here S, : TpS2 — Tp82 is characterised by

9o(Spv, w) = By (v, w).
Equivalently,

S(v) = VOVou + uv.

We first regard X as a smooth map; immersion and injectivity will be proved below.
Lemma 8.2. The tensor B is symmetric and trace-free, and satisfies the Codazzi identity
(VeB)(w,2) = (Vy,B) (v, 2).

Moreover,
dXp(v) = Sy, X(p)-p=ulp), |X[>=u’+|Voul*. (8-4)

Proof. Let D denote Euclidean differentiation. For v € T,S?, the Gauss formula on the unit
sphere gives
Dy(Vou) = VoVou —v(u)p,  Dy(up) = v(u)p + uv.
Adding these identities gives dX,(v) = Spv. The remaining identities follow from Vou L p.
Symmetry is immediate, and

trg, B = Agu + 2u = 0.
For tangent vector fields v, w, commutation of the derivatives of X gives
D,(dX(w)) — Dy (dX (v)) — dX (Jv,w]) = 0.
Taking the component tangent to S? and using dX = S, we obtain
(V9S)w = (VY S)v.
Pairing with z and using V%gy = 0 gives the stated Codazzi identity. g
Lemma 8.3 (The P-function). The function P := u? + |Voul|? satisfies

AgP =2|B[2 P<1inQ, P=1, 8,P >0 ondqQ. (8.5)
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Proof. Bochner’s formula, Ricg, = go, and Agu = —2u give
A0|V0u‘2 = 2|V(2)u|2 — 2|V0u|2, A(]UQ = 2|V0u\2 — 4u2.
Also,
B2 = |V2u|? + 2ulgu + 2u? = |V3u|> — 2u2.
Adding the preceding identities proves the equation for P. The boundary conditions give
P =1 on 09.

We claim that B # 0. Otherwise, dX = 0 by lemma 8.2, so connectedness gives
X =a € R? and u(p) = a-p. The boundary gradient condition excludes a = 0. Both
boundary components would then be Jordan curves contained in the great circle {a - p = 0}.
FEach would have to equal that circle, contradicting their disjointness.

Thus P is not constant. Since AgP > 0 and P = 1 on the boundary, the strong maximum

principle gives P < 1 in £, and the boundary point lemma gives 9, P > 0 on 9€; see [GT01,
Chapter 3]. O

Let K4 be the closed complementary discs:
S?=QUK,UK_, K. NK_ =@,  00=0K,U0K_. (8.6)
For a gg-unit boundary tangent T, set
k= go(VIT,v). (8.7)

Since v points out of 2 and into the corresponding disc K., this is the geodesic curvature
towards the interior of that disc.

Lemma 8.4. Along 012,
B(T,T) = &, B(T,v) =0, B(v,v) = —k, k> 0. (8.8)

Consequently, K1 are geodesically convex discs with everywhere positive boundary geodesic
curvature, and each is contained in an open hemisphere.

Proof. Differentiating twice v = 0 along the boundary gives
0 =T(Tu) = Vgu(T,T) + go(Vou, V3T) = Vou(T,T) — k.
Likewise,
0= T(dyu) = Viu(T,v) + go(Vou, VIv) = Viu(T,v),
because Vou = —v and Vv L v. Since v = 0 and try, B = 0 on the boundary, these are
the first three identities. Therefore
0, P = 2Viu(v, Vou) + 2ud,u = —2B(v,v) = 2.

The strict inequality in lemma 8.3 proves x > 0.

The spherical convexity theorem [BL16, Proposition 2.1] now implies that each K is
geodesically convex and lies on the inward side of every tangent great circle. Positive
curvature excludes a great-circle segment in its boundary.

We also verify containment in an open hemisphere. Fix either disc K, parametrise its
boundary by arclength ¢, and let n = —v be its outward conormal. Writing ~'(¢) = T'(¢),
differentiation of the orthonormal frame (v, T, n) gives

n = kT.

The supporting-hemisphere property says n(¢) -y < 0 for every y € K. Hence the vector

Vg = —/ ndf
oK

satisfies v -y > 0 on K. If equality held for some y € K, the nonpositive continuous function
n(¢) - y would vanish identically. Differentiating and using £ > 0 would give T'(¢) -y = 0 as
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well. Thus y would be parallel to v(¢) for every ¢, which is impossible for a regular boundary
curve. Therefore

v -y >0 (y € K).

In particular, vg # 0, and the hemisphere centred at vg /|vk| contains K. O

8.2. Annularity excludes branch points. We first use a Hopf differential style argument
to exclude the possibility of branch points of X:

Proposition 8.5. The endomorphism S is invertible throughout Q. Consequently, X is
a smooth conformal minimal immersion, with induced metric g = X*grs and unit normal
along the immersion

N(p) = p. (8.9)
It satisfies
XQ) cB, X0 cS?,  dX(n) =X, (8.10)
where 1 is the outward g-unit conormal.

Proof. Conformal uniformisation of a smooth annulus, with smooth extension to its boundary,
gives a diffeomorphism from

[a,b] x (R/27Z)
onto  for which the pulled-back round metric is
go = eMds® +db?),  NeC®.
We use the same notation for the pulled-back tensors. Set
fi=B(3s.ds),  h:=B(ds, ).

As B is trace-free, we have B(dy,9p) = —f. In these coordinates, the Codazzi equations
reduce to

hs_fﬁz()» fs+h9:o-
It follows that hgs + hgg = 0. At s = a, b, the vector J; is conormal and 0y tangent to the

boundary, so h = 0 there by equation (8.8). The maximum principle on the flat cylinder
gives h = 0. The two first-order equations then imply that f is a real constant m. Thus

B = m(ds* — df?). (8.11)
At either boundary component,
m = Bgs = e”‘B(u, v) = —e* i < 0.

In particular, m # 0. The matrices of S and the induced metric are therefore

S =me 2 ((1) 01> , g =m?e " ds? + db?).

This proves invertibility, conformality, and regularity up to the boundary.
Since dX,(T,S?) = p*, the vector N(p) = p is a unit normal. The shape operator S
satisfies

S(dXp(v)) = —dNp(v) = —v.
Under the identification of the image tangent plane with p*, it is therefore =S, 1. The
eigenvalues of S), are opposite and nonzero, so trS = — tr(S, 1Y = 0. Hence X is minimal.
The ball and sphere inclusions follow from |X|? = P and lemma 8.3. Along the boundary,

X = —v, dX(v) = Sv = —kv = kX, dX(T) = kT.

Consequently, g(v,v) = k? and g(v,T) = 0. The outward g-unit conormal is thus n = v/x,
and dX(n) = X. O
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8.3. Spherical polarity and global embeddedness. Until injectivity has been estab-
lished, we regard (€2, g) as the parameter annulus of the immersion X.

Lemma 8.6 (Polarity of a positively curved spherical disc). Let K C S? be a closed
geodesically convex disc, contained in an open hemisphere, whose smooth boundary has
strictly positive inward geodesic curvature k. Let n be its outward unit conormal. Define the
negative polar by
D:={yeS*:y-p<0 for every p e K}. (8.12)
Then D is a geodesically convex closed disc in an open hemisphere, with smooth boundary,
and
0K — 0D, p+— n(p), (8.13)

is a diffeomorphism. At n(p), the outward conormal of D is p, and its inward geodesic
curvature is 1/k(p).

Proof. Choose h € S? with h-p > 0 on K. Compactness makes this inequality uniform, so
—h lies in the interior of D. Next fix pg € Int K. Every y € D satisfies

y-po < 0.

Indeed, equality would make y tangent to S? at pg, and the points cost py + sin t y would
belong to K for sufficiently small ¢ > 0, contradicting the defining inequality for D. Thus D
lies in the open hemisphere centred at —py.

The set

L:={veR}: v.p<O0 forevery pc K}
is a closed convex cone and D = £N'S%. The map
Y
—Y- Do

identifies D with the compact convex planar set LN {v: —v - pg = 1}, which has nonempty
relative interior. Hence D is a closed topological disc; convexity of £ gives geodesic convexity
of D.

At p € OK, the tangent great circle supports K, so

n(p)-z<0 (z€K), n(p) p=0.

Therefore n(p) € dD. Conversely, if y € 0D, compactness of K implies that y-p = 0 at
some p € K; otherwise all the defining inequalities would remain strict near y, making
it interior to D. Such a contact point belongs to K. It is unique, because two distinct
contact points would force their shorter great-circle segment to lie in 0K, contrary to k > 0.
Smoothness of 9K then implies y = n(p). This proves bijectivity.

Parametrise 0K by arclength s and write T' = ps. Its Euclidean frame equations are

y—

ps =1, Ts = —p — kn, ng = kT

Since k > 0, the conormal map is an immersion. Its bijectivity and compactness therefore
make it a diffeomorphism onto a smooth boundary. The arclength sp of this image satisfies
dsp = kds, and its unit tangent is T. Hence

dT 1

. =-—n-——p.
The inequalities defining D show that p is its outward conormal at n(p). The last identity
therefore gives inward geodesic curvature 1/k. O

Apply lemma 8.6 to K, and K_, and denote their negative polars by Dy and D_. Their
disjointness has not yet been established. Since the outward conormal of K is —v, the
boundary restriction of X is precisely the conormal map:

X(p) = —v(p) = nk.(p), p € OK.. (8.14)
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Lemma 8.7 (Radial projection near the boundary). The map
X
Fi="—"1:0-—§ (8.15)
| X]
is well defined and is a local diffeomorphism in €. Near each boundary component, it maps
a neighbourhood on the Q side homeomorphically onto a neighbourhood on the exterior side
of the corresponding polar disc D4.

More precisely, let r be inward spherical distance from OS2, and let pp be signed spherical
distance from 0Dy, positive outside Dy. Then

pp(F(p,r)) = E(2p)7“2 +0(r?), p € OK. (8.16)

Proof. In the interior, X - p = u > 0, while |X| = 1 on the boundary. Hence X never
vanishes and F' is defined on €. For a positively oriented gg-orthonormal frame (vy,v2,p),
X - (dX(v1) x dX(v2)) = udet S.

Thus the oriented Jacobian of F', with respect to the round area forms, is

udet S .
We next determine which side of D4 contains the image near the boundary. For p € 09,
put yo = X(p) = —v(p) and use the inward normal parametrisation
U(p,r) := cosrp + sinryo, 0<r<o.

For sufficiently small § > 0, this parametrises a neighbourhood of this boundary component
in Q. We write X (p,7) and F(p,r) for composition with ¥. The boundary identities give

u(U(p,r)) =r— ﬁ(2p)7"2 + O(r?), X, (p,0) = —r(p)yo. (8.18)

Writing L = | X|, we obtain
L(p,0) =1, L:(p,0) = —k(p),  F:(p,0)=0.
Since dX4(v) L g, we have X, (p,r) - ¥(p,r) = 0. Differentiating at r = 0 yields

Xrr(p,0) - p ==X, (p,0) - yo = £(p).
Both X (p,0) and X, (p,0) are orthogonal to p, so differentiating F' = X/L twice also gives

FT‘T(p7 0) P = ’k';(p)'
By lemma 8.6, Vopp(yo) = p. Since F,.(p,0) = 0, the chain rule therefore gives

d d?

—pp(F(p,r))| =0,  ——pp(F(p,r))| =&(p).

dr r—0 dr —0
Taylor’s formula proves equation (8.16), uniformly along the compact boundary component.

To obtain the asserted homeomorphism, let s be arclength on 9€2, and use target co-
ordinates (o, pp), where o is arclength on 0D+ extended along its normal geodesics. At
r =0,
Fy(s,0) = r(s)T(s),

and the boundary map is a diffeomorphism by lemma 8.6. After shrinking the neighbourhood,
we may therefore replace the source coordinate s by the target coordinate o. In these
coordinates, Taylor’s formula gives

F(o,r) = (0,7°A(0,7)), A€ C™, A0,0)>0.
The change of variable

T =r1y/A(0,7)



UNIQUENESS OF FREE BOUNDARY MINIMAL ANNULI 21

is a smooth diffeomorphism near r = 0 on the source side. The map F' consequently becomes
(o,7) — (0,72), 7> 0.

This is a homeomorphism onto the exterior side pp > 0. Compactness allows the neighbour-
hoods to be chosen around the entire boundary component. O

Proposition 8.8 (Global injectivity). The polar discs D+ and D_ are disjoint, and
F:Q—8$*\(IntDy UIntD_) (8.19)

is a homeomorphism whose restriction to Q) is a diffeomorphism onto S? \ (D4 U D_).
Moreover, X is a smooth embedding with image a properly embedded free-boundary minimal
annulus in B3.

Proof. The boundary diffeomorphism
F‘BKi 10K+ — 0D+

extends to a homeomorphism ¥y : K — D.. Indeed, after choosing homeomorphisms of
both discs with the closed unit disc, a boundary homeomorphism h : S' — S! extends by

re? —s rh(e?), 0<r<1.

Define

F:§?—§?
to equal F on Q and U4 on K. These definitions agree on their common boundaries, so F
is continuous.

It is a local homeomorphism in € by equation (8.17), and in Int K by construction. Near
0K, the map V4 takes the K4 side to the interior side of Dy, while lemma 8.7 takes the
Q side to the exterior side. Their inverses agree on @D, so they combine into a continuous
local inverse across that boundary. Thus Fis a local homeomorphism everywhere.

Its image is open by local invertibility and closed by compactness, hence is all of S?. A
proper local homeomorphism is a covering map. Since its domain is connected and its target
S? is simply connected, this covering has one sheet. Therefore Fisa homeomorphism. In
particular, the images Dy = F (K<) are disjoint, and restriction to  gives equation (8.19).
Its interior inverse is smooth by equation (8.17).

Finally, X (p) = X(q) implies F'(p) = F(q), hence p = q. Thus X is an injective immersion
of a compact manifold with boundary, and therefore an embedding. The free-boundary and
properness assertions follow from equation (8.10). O

Remark 8.9. The original domain 2 is the Gauss image of the dual surface: writing N now
as a field on the image, N(X (p)) = p. Its radial image is instead S?\ (D, U D_). The Gauss
image and radial image are distinct constructions and have not been assumed to coincide.
Moreover, the boundary behaviour of F' is modelled by 7 + 72, so equation (8.19) is not a
diffeomorphism at the boundary. This does not affect the smoothness of X or the boundary
regularity of the stream coordinates in proposition 4.2.

8.4. Classification via the dual annulus. Recall the constants from equation (1.6):

1
= = _ = 2
TtanhT =1, Sy = tanh T, c TeoshT Sey/1 — s2.

Corollary 8.10. Up to an orthogonal transformation of R3, the image of the dual annulus
is parametrised by

X (v, @) = ¢(coshv e, (o) — ve), (v,a) € [-T,T] x (R/27Z), (8.20)
where (e1, ez, €) is an orthonormal basis and e,(a) = cosa e + sinaeg.

Proof. By proposition 8.8, the dual surface satisfies the hypotheses of theorem 1.1, and
hence is the critical catenoid. The minus sign in the axial component of equation (8.20) is
an orthogonal reflection of the usual parametrisation. O
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Proof of theorem 1.6. The dual map commutes with orthogonal transformations: if Q=00
and 4 = uo O~!, then X(Op) = OX(p). Thus, by corollary 8.10, we may apply the same

orthogonal transformation to (€2, u) and its dual and assume that X () is the surface in
equation (8.20). Its unit normal with positive support is

N, (v,a) = sechve,(a) + tanhve. (8.21)
Indeed, this vector has unit length, is orthogonal to X, , and X, ,, and satisfies
Xi Ny, =¢(l —vtanhv) >0 (o] < T). (8.22)

The original normal satisfies N(X (p)) = p and X (p) - p = u(p) > 0, so it agrees with N,
rather than —N,.
The Gauss image of the interior is therefore

Q={peS?:|p-e| <tanhT}.
Writing s = p- e = tanh v, so that v = artanh s, the identity u = X - N becomes
u(p) = ¢(1 — s artanh s).
This proves equations (1.7) and (1.8). The converse is verified in proposition B.1. O

Corollary 8.11 (Classification of the annular homogeneous solution). Let U be a positive
one-homogeneous harmonic function on an open cone C C R3\ {0} whose spherical link is a
smooth annulus. Assume that U is smooth up to C \ {0} and satisfies U =0 and |VU| =1
there. Then there is e € S? such that, writing r = |z|, z = x - e, and p = |z — ze|,

C={x#0:|z| <sur}={x#0:]|2| <sinhT p}, (8.23)
and

U(z) =cr (1 - gartanh i) (x €0C). (8.24)

Its extension by zero outside C and at the origin is locally Lipschitz and is the axially
symmetric annular Alt—Caffarelli solution. No stability or minimising property is asserted.

Proof. Restrict U to C N'S? and apply lemma 8.1 and theorem 1.6. Homogeneity gives
equation (8.24), while r? = p? + 22 gives

2] < ser = |z| < p =sinhT p.

1—s2

The zero extension is continuous across the conical boundary because v = 0 there, and
at the origin because |U(x)| < Clz|. By equation (8.1) and lemma 8.3, |[VU| < 1 in C.
Integration by parts across the smooth conical boundary introduces no boundary term in
the first weak derivatives, since U vanishes there. To include the origin, perform the same
calculation outside B.. The additional boundary term on dB. is O(e?®), using |U| = O(¢)
and |0B.| = O(g?). It therefore tends to zero.

Thus the weak gradient of the zero extension is VU in C and zero outside, with norm at
most one. The extension belongs to I/Vli’coo (R?) and is locally Lipschitz. The harmonic and
free-boundary equations are those of lemma 8.1 and proposition B.1. This is the classical
axially symmetric annular homogeneous example; see [AC81] and [HKM25, Section 1]. O

9. FREE-BOUNDARY MINIMAL ANNULI IN SPHERICAL CAPS

In this section, we describe how our methods may be used to obtain rotational symmetry
for embedded free-boundary minimal annuli in spherical caps. Aside from testing the method,
our main motivation for including this section was to cover the case of free-boundary minimal
annuli in the hemisphere, which correspond to minimal tori in S*, and so compare our
methods to the closed setting. We expect that similar methods should also establish
rotational symmetry of free-boundary minimal annuli in geodesic balls in the hyperbolic
space form H?.
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Fix o = (1,0,0,0) € S3 and 0 < ¥ < 7/2, and consider the spherical cap
By(o) ={X €S*: X -0> cosv}.

Let X : ¥ < By(o) be a smooth properly embedded free-boundary minimal annulus. Write
X =(Xo,Y), Y=(X1,Xo,X3)€R’

and let g and 7 denote the induced metric and outward unit conormal. Minimality and the
free-boundary condition give

(A+2)X =0, Oy X = coty X —cscdo. (9.1)
In particular, along 0%,
Xo = cos ¥, OpXo = —sind, OpY =cotvY. (9.2)
Define the modified energy form on H'(X)

Qu(f,h) = /E(Wf, Vh) — 2fh) dA—cotz?/aE fhds. (9.3)

Lemma 9.1 (The spherical angular coordinate). There is a unit vector e € R3 such that,
setting

H=Y e, R=|Y — He|, Y = Re,(a) + He,

one has R > 0 and da # 0 on Y. Both boundary restrictions of a are diffeomorphisms onto
R/27Z. Moreover, the spherical unit normal N = (Ng, N') can be chosen so that

x:=—Ng>0 inX°, x=0 ond3%. (9.4)

Proof. The two-piece and radial-transversality results of Naff-Zhu [NZ25, Corollary 3.6 and
Proposition 3.12] give o ¢ X (X) and a normal for which

(N,0,) >0 in X°,
where p is distance from o. Since
Y No

X = (cosp,sinpn), n:= m, (N,0,) = —

sinp’
this proves equation (9.4). The boundary vanishing also follows directly from (N, X) =
(N,0,X)=0.

We first identify the radial image. Use the convention

A(V,W) = (DyN,dX (W)).

Then N satisfies AN + |A]2N = 0, hence Ax + |A]*x = 0. Hopf’s lemma gives 9,x < 0.
Since the boundary sphere is umbilic, A(T,n) = 0 for a unit boundary tangent 7', and

Ipx = sind A(n, ).

Thus, A(n,n) < 0 on both boundary components.
On 0%, the curve n = Y/sin ¥ has, with respect to its round arclength ¢,

nééz—n—ﬁ',N/, /<;=—sm19A(77:77>>0

Each boundary curve therefore bounds a geodesically convex disc D4+ C S?, contained in
an open hemisphere, whose outward conormal is N’; see [BL16, Proposition 2.1] and the
hemisphere argument in lemma 8.4.

The radial map n is a local diffeomorphism in the interior: its Jacobian is

X
J, = -2X_>0.
VB~
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It maps the interior side of each boundary to the exterior side of D4. Indeed, let s > 0
be inward g-distance from the boundary and let dp be signed round distance from 0D,
positive outside. At s =0,

A(n,n) K
== O . N/ = — ? =
s ’ s sin sin? ¢’

SO

K
n(n(p. ) = 5oL)s? 1 O(s")
As in lemma 8.7, the nonzero tangential derivative and this expansion give a homeomorphism
between boundary neighbourhoods on the indicated sides.

Fill the two boundary circles of ¥ by discs and extend their boundary maps homeomorphi-
cally onto Dy. The resulting map S? — S? is a local homeomorphism, including across the
two boundary circles. It is therefore a one-sheeted covering. Consequently, Dy N D_ =&
and

n:¥ —S*\ (Int Dy Ulnt D_)

is a homeomorphism, with interior a diffeomorphism.
Green’s identity and equations (9.1) and (9.2) give, componentwise,

0= / (XoAY — YAX,)dA = / (Xo8yY — Y8,Xo)ds = cscd | Y ds.
b ) ox

Since Y = sindn and ds = sin ¥ d¢ on the boundary,

/ nd€+/ ndl = 0.
oD, aD_

The convex-cap lemma lemma 3.3 therefore supplies e € Int D, with —e € Int D_. The
radial image avoids both poles, giving R > 0, and the same lemma gives the boundary
angular diffeomorphisms.
Finally,

((0, €9), dX (v))

I .
If this covector vanished at an interior point, then (0, ep), which is tangent to S?, would be
parallel to N. This would force Ny = 0, contradicting equation (9.4). Boundary nonvanishing
follows from the boundary angular diffeomorphisms. O

da(v) =

Theorem 9.2 (Spherical-cap spectral rigidity). For every smooth properly embedded free-
boundary minimal annulus in By(o), with 0 <9 < /2,

ind Qﬁ = 1, ker Qﬁ = Span{Xl, XQ,X3}.

The eigenvalues of
(A4+2)f=0 1inX°, Onf =71f on 0%,
indexed with multiplicity, satisfy
To=—tand <1 =T =73 =cot < 74.
In particular, ¥ is rotationally symmetric.

Proof. Choose the axis from lemma 9.1. Expanding (A + 2)(Re'®) = 0 and the common
boundary condition of X7, Xy gives

AR=(G—-2)R, div(R’Va)=0, G:=|Va*>>0, (9.5)
and
OpR = cot Y R, Opa = 0. (9.6)
The proof of proposition 4.2 now applies:

df = R?*xda,  (B,a):% — C=[b_,by] x (R/277Z)
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is a diffeomorphism up to the boundary, and

dg?  do? 1
L 7
I=mic T G g P de

For smooth u, v, integration by parts gives
Qu(Ru, Rv) = /E (R*(Vu, Vv) — RuvAR — 2R*uwv) dA
= /E R? ((Vu, Vv) — Guv) dA
— /C (R4u5v5 + Uq Vo — u’u) dg do. (9.7)

The boundary terms cancel by equation (9.6); the interior curvature terms cancel by
equation (9.5). As in proposition 5.1, the identity extends to H'(C).
Set

A= —05(R*p) — Ooa — 1
with Neumann conditions at b.. The corresponding pointwise and boundary identities are

(A +2)(Ru) = —RG Au, Oy (Ru) — cot ¥ Ru = ROyu.

Since h satisfies the same equation and Robin condition as X1, Xo, the quotient t = h/R
satisfies

At =0, tg =0 on dC.
To determine the sign of ¢g, observe that
Y - (Y x Ya) = —R3s.

The four-dimensional determinant of X, X3, X, 0 gives

Y - (Y3 x Yo)| = xV/detg.
After reversing (3 if necessary,

_ X
P~ RG

Thus theorem 6.3 applies with a = R*. Together with equation (9.7), it gives

t >0 in C°, tg =0 on dC.

indQy =1, ker Qy = R span{t, cos a, sin a«} = span{ X1, X, X3}.

It remains to identify the spectral parameter. As in [LM26], the positive function
Xo > cos ¥ > 0 satisfies (A +2) Xy = 0 and 0, X = —tan v Xy. The ground-state identity

1S
7(x)

For zero-trace functions this also gives A (—A) > 2, so the frequency-2 Dirichlet-to-Neumann
operator is well defined. Equation (9.8) shows that its lowest eigenvalue is — tan ¢, simple
with eigenfunction Xg.

The index of Qy counts the eigenvalues strictly below cotd. Indeed, decomposition
into a solution of (A + 2)h = 0 with the prescribed trace and a zero-trace remainder is
orthogonal for Qy, and the zero-trace form is positive. The index-one conclusion and the
three-dimensional kernel therefore give the stated eigenvalue identities. Rotational symmetry
follows from Lima-Menezes [LM26, Theorem C]. O

2

/Z(|Vf|2—2f2) dA + tan 8Ef2ds:/EX§ dA. 9.8)
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APPENDIX A. STREAM COORDINATES ON THE MODEL CATENOID

Proposition A.1. The parametrisation equation (1.2) is a properly embedded free-boundary
minimal annulus. Its stream coordinate, with $(0) =0, is

o (s sinh 23)
= — . Al
5(s) = (5 + 7 (A1)
In this coordinate,
s 1 — stanhs
ceoshts, s cosh s’ A 2 cosh® s (4.2)

Proof. The function s — stanh s is strictly increasing for s > 0, starts at zero, and tends to
infinity. Hence equation (1.1) has a unique positive solution. Writing e, = (cos a, sin e, 0)
and e = (0,0, 1), the parametrisation is

X =ccoshse, +cse.
Its derivatives satisfy
X, = csinh se, + ce, X, = ccoshseg, ]XS\Qz\Xa\QZCQCOShzs, X,-X,=0.
Also Xgs + Xaa = 0, proving minimality. Since H = cs is strictly increasing and « has
period 27, the parametrisation is embedded. The identity T tanhT = 1 gives
cosh? T + T2 = T? cosh? T..

Therefore | X (+7,a)| = 1, and |X(s,a)| < 1 for |s| < T because cosh? s + s? is strictly
increasing for s > 0. At s =T,

X
n= ﬁ =tanhT e, +sechTe =X (T, ),

and at s = —T the outward conormal is —X;/(ccoshT) = X (=T, a). Thus the boundary is
free.

The metric is ¢ = R?(ds? + da?), so G = R™2. Choose the sign of the stream coordinate
so that d3 = R?ds; integration gives equation (A.1). A normal with positive support is

N =sechse, —tanhse, §=X-N=c(l—stanhs).
Differentiating ¢t = s/coshs and dividing by 8s = ¢ cosh? s gives equation (A.2). The
numerator is positive for |s| < T and zero at s = +7T. Tt also agrees with ¢/(R°G) in
equation (5.10). O
APPENDIX B. THE EXPLICIT BERNOULLI SOLUTION AND ITS HOMOGENEOUS EXTENSION

Proposition B.1. For every e € S, the domain and function in equations (1.7) and (1.8)
solve equation (1.4). Their dual surface map X = Vou + up is equation (8.20).

Proof. For s(p) =p-e,

Vos = e — sp, |Vos|? =1 — 5%, Ags = —2s.
Thus a function depending only on s satisfies
Aof(s) = (1—5")f"(s) = 25'(s). (B.1)
For f(s) = ¢(1 — s artanh s),
2c
/ — h s > " = - B.2
1(s) c (artan s+ T2 ) 1 (s) 1= (B.2)

Substitution gives (Ag +2)f = 0.
The function s artanh s is even and strictly increasing for s > 0, and

syartanh s, =T tanhT = 1.
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Hence f > 0 for |s| < s, and f =0 at s = +s,. At either endpoint,
Vof| = /1 —s2|f (s« S ——
This verifies all the boundary conditions.
Finally, writing p = v/1 — s2 e, + se, we obtain
c
Vof+fp=fe+(f—sfp f—Sf/:m-

Consequently,
c

X(p)=—e

P) ==
The substitution v = artanh s gives equation (8.20). Its free-boundary normalisation agrees
with proposition A.1. O

» — c artanh s e.

APPENDIX C. ANGULAR PERIOD AND FINITE COVERS

In this appendix we make some remarks on why embeddedness is essential for the spectral
characterisation. In particular, we consider immersed annuli which are k-fold covers of
embedded annuli.

Proposition C.1 (Finite covgrs). Let X C B3 be a smooth properly embedded free-boundary
minimal annulus, and let @ : 3 — X be a connected smooth k-sheeted covering, where k > 1.
Equip ¥ with the pullback of the induced metric on 3. Then the modified energy form

Q§U>=AQVfF¢4—¢£f%w, feH'(),
satisfies
ind Qg = 2k — 1.

In particular, this formula holds for the connected k-fold cover of the critical catenoid.

Proof. The stream coordinates on X lift to coordinates on > identifying it with
Ci = [b_,by] x (R/(27kE)).

In these coordinates, the covering projection is (3, [a]ark) — (B, [a]2r). We use the same
notation for the lifted functions R and ¢ = h/R. The form identity in proposition 5.1 lifts to

Qs (Rv) = qq(v) := /O (av% + 02 — 1)2) dp da, a=RY.

k
Since multiplication by R is an isomorphism of the corresponding H' spaces, the two forms
have the same index.

The lifted function ¢ satisfies
At =0, tg =0 on 9Cy, tg >0 in Cy.

The intertwining identity and the positive Dirichlet comparison in lemmas 6.1 and 6.2 apply
unchanged on C. Consequently, if Av = Av with A < 0 and Neumann boundary data, then

B(vg) = Mg, wslac, =0,
and hence vg = 0.
The negative eigenspaces are therefore exactly those of —0,o — 1 on the circle of length
2mk. Its negative modes are
Jo o jo ,
1 — — 1<ji<k-1
, cos=-, sin=-, <j< ,

with eigenvalues —1 and j2/k? — 1, respectively. Each is also a Neumann eigenfunction of
A. Their total real dimension is 1 + 2(k — 1) = 2k — 1, which proves the assertion. O
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Remark C.2. The index is taken over all functions in H 1(5]), not only those descending to X,
and is not the Morse index of the area functional. The additional negative angular modes
above do not descend to the original annulus. Thus, the degree-one angular projection in
proposition 3.4 is essential to the index-one conclusion for embedded annuli.

[ACS1]
[BL16]
[Brel3]
[CG26]
[EM26]

[FL14]

[FS16]
[GTO1]
[HKM25]
[KM24]
[LM21]
[LM26]
[McG18]
[MZ24]
[NZ25]
[Se024]

[Seo26]

REFERENCES

H. W. Alt and L. A. Caffarelli, Ezistence and regularity for a minimum problem with free boundary,
J. Reine Angew. Math. 325 (1981), 105-144.

P. Bryan and J. Louie, Classification of convex ancient solutions to curve shortening flow on the
sphere, J. Geom. Anal. 26 (2016), no. 2, 858-872.

S. Brendle, Embedded minimal tori in S* and the Lawson conjecture, Acta Math. 211 (2013),
no. 2, 177-190.

Otis Chodosh and Matilde Gianocca, Free boundary minimal surfaces of genus zero,
arXiv:2609.13054, 2026.

J. M. Espinar and D. A. Marin, An overdetermined eigenvalue problem and the critical catenoid
conjecture, J. Eur. Math. Soc. (2026), Published online first.

A. Fraser and M. M.-C. Li, Compactness of the space of embedded minimal surfaces with free
boundary in three-manifolds with nonnegative Ricci curvature and convexr boundary, J. Differential
Geom. 96 (2014), no. 2, 183-200.

A. Fraser and R. Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball, Invent. Math.
203 (2016), no. 3, 823-890.

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, second ed.,
Classics in Mathematics, Springer-Verlag, Berlin, 2001.

C. Hines, J. Kolesar, and P. McGrath, New homogeneous solutions for the one-phase free boundary
problem, arXiv:2509.09409, 2025.

R. Kusner and P. McGrath, On Steklov eigenspaces for free boundary minimal surfaces in the unit
ball, Amer. J. Math. 146 (2024), no. 5, 1275-1293.

V. Lima and A. Menezes, A two-piece property for free boundary minimal surfaces in the ball,
Trans. Amer. Math. Soc. 374 (2021), no. 3, 1661-1686.

Vanderson Lima and Ana Menezes, Eigenvalue problems and free boundary minimal surfaces in
spherical caps, Calc. Var. Partial Differential Equations 65 (2026), Paper No. 170.

Peter McGrath, A characterization of the critical catenoid, Indiana Univ. Math. J. 67 (2018),
no. 2, 889-897.

P. McGrath and J. Zou, On the areas of genus zero free boundary minimal surfaces embedded in
the unit 3-ball, J. Geom. Anal. 34 (2024), Paper No. 274.

Keaton Naff and Jonathan J Zhu, Free boundary and capillary minimal surfaces in spherical caps
i: Low genus, arXiv preprint arXiv:2512.12877 (2025).

Dong-Hwi Seo, A symmetry condition for genus zero free boundary minimal surfaces attaining the
first eigenvalue of one, arXiv preprint arXiv:2409.14718 (2024).

D.-H. Seo, Sufficient symmetry conditions for free boundary minimal annuli to be the critical
catenoid, Selecta Math. (N.S.) 32 (2026), Paper No. 42, Also arXiv:2112.11877v5.

DEPARTMENT OF MATHEMATICS, ZEEMAN BUILDING, UNIVERSITY OF WARWICK, GIBBET HILL ROAD,
CovENTRY CV4 TAL, UK
Email address: Davide.Parise@warwick.ac.uk

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON, SEATTLE, WA, USA
Email address: jonozhu@uw.edu



	1. Introduction
	2. Preliminaries and notation
	3. Finding the flux axis and the angular coordinate
	4. Global stream coordinates
	5. A monotone kernel function
	6. A monotone-kernel spectral theorem on a cylinder
	7. The first Steklov eigenspace and uniqueness
	8. Classification of spherical Bernoulli solutions
	9. Free-boundary minimal annuli in spherical caps
	Appendix A. Stream coordinates on the model catenoid
	Appendix B. The explicit Bernoulli solution and its homogeneous extension
	Appendix C. Angular period and finite covers
	References

